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Abstract. In this article we prove some period relations for the ratio of Deligne's periods for 
certain tensor product motives. These period relations give a motivic interpretation for certain 
algebraicity results for ratios of successive critical values for Rankin-Selberg L-functions for 
GL n x GL n / proved by Giinter Harder and the second author. 



1. Introduction and motivation 

1.1. A classical example. To motivate the period relations proved in this paper let us recall 
a classical theorem due to Shimura [S hi77 j on the critical values of L-functions attached to 
modular forms. Let (p = ^ a n Q n be a primitive holomorphic cusp form of weight k for Tq(N). 
For a Dirichlet character Xi let Af^'^x) = J2 n a nX{ n )/ nS - There exist u^{ip) £ C x (the 
periods of (p) such that for any integer m with 1 < m < k — 1, we have 

Lf(m,tp, X ) ~ (2vri) m 7 (x)n ± (( / 9), 

where x(~ 1) = i( — 7(x) is the Gaufi sum of x> and ~ means equality up to an element 
of the number field Q(tp, x) '■= Q ({a n } U {values of x})- Now suppose 1 < m < k — 2, then 

Lf(m,(p,x) ( 2 iri)- lU± ^ 



L f (m + l,<p,x) uT(<p) 

assuming the denominator of the left hand side is nonzero. The 2tt on the right hand side can 
be thought of as coming from the L-factors at infinity, and if we define f2(</?) := \ "-[^] ; then 
the ratio of successive critical values of the completed L-function looks like: 

(i.i.i) l^x) „ n(v) x(-D(-ir. 

1 ^ L(m + l,<p, X ) KV) 

Such an algebraicity result for ratios of successive critical values has been generalized by 
Giinter Harder and the second author [HaRall] which we now briefly recall. 
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1.2. A neo-classical generalization. Let tt (resp., tt') be a cohomological cuspidal automor- 
phic representation of GL n (A) (resp., GL n /(A)), where A is the ring of adeles of Q. Implicit 
in this data is a pure dominant integral highest weight A (resp., A') for the algebraic group 
GL n /Q (resp., GL n >/Q). Assume that n is even and n' is odd. Let E be a number field con- 
taining the rationality fields Q(vr) and Q(tt'). To the representation tt and to any embedding 
l : E — > C, there exist certain relative periods Q(tt, l) G C x and the collection of these periods, 
as i varies, is well-defined up to E x . (See [HaRall].) One may say that one has attached 
Q(tt) € (E ®q C) x /E x . Suppose that m E ^ + Z is such that both m and m + 1 are critical for 
the Rankin-Selberg L-function L(s, tt x tt'). Then under a certain assumption involving only A 
and A' (called the combinatorial lemma in loc.cit.), it has been shown that 

L(m + 1, 7r x tt') 

where ~ means equality in (E ®qC) x /E x ; e^i is a sign depending only on tt'; e m depends only 
on the parity of the integer m — |; c(7roo, tt'^) is a nonzero complex number depending only 
on the representations at infinity (it is expected that this number is rational). Note a piquant 
feature: it seems that the representation tt has a bigger role to play in the right hand side, 
and that tt' contributes only a sign in the exponent of f2(7r). Let us mention en passant that 
all this works over a totally real number field. 



1.3. Motivic interpretation. Every known algebraicity statement on critical values of L- 
functions comes under the umbrella of a celebrated conjecture Deligne [| Del79] on critical values 
of motivic L-functions. The purpose of this article is to look at 1\) and §1.2.1\) from the 
perspective of Deligne's conjecture. Let M be a critical motive over Q with coefficients in 
a field E. Then Deligne attaches two periods c (M) € (E ®<q C) x /E x to M by comparing 
the Betti and de Rham realizations of M. The finite part of the E ®q C- valued L-function 
Lf(s,M) is defined in terms of the ^-adic realization of M. Suppose s = is critical for the 
L-function then Deligne predicts that Lj(0, M) ~ c + (M). Further, if s = 1 is also critical then 
L/(1,M) ~ (2TTi) d ' ( - M ^c-(M) for a certain d~{M) € Z. Hence, the ratio L f (0,M)/L f (l,M) ~ 
(2m) ~ d ~ {M) c+ (M) /c~(M). As in the case of modular forms, the power of 2tt can be interpreted 
as a relevant ratio of L- factors from infinity (which depend only on the Hodge types of M). 
Hence if we wish to consider a ratio of successive critical values then we need to consider 
the ratio of periods c + (M)/c~(M). To see (ll.2.ip . assume that M is pure, simple, and of 
even rank, and consider another pure simple motive M' whose rank is odd. Assume that 
M (g> M' is critical. Further, assume that all the nonzero Hodge numbers of M and M' are 
1; such assumptions on M and M', are dictated by the expected properties of the dictionary 
between motives and algebraic automorphic representations. The main result of this paper 
(Theorem EH]) states that in (E ®q C) x /E x we have 

c+{M®M') / c+(M) V (M,) 
1 ' c-(M®M') \c-(M) J 

where e(M') is the sign by which complex conjugation acts on the middle Hodge type of M' . 
This also works over a totally real number field; see Theorem 14.2. li 
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The proof of these period relations makes significant use of results of Yoshida [YosOl] on pe- 
riods of tensor product motives which need not only c (M) but also other invariants attached 
to M. In Sj2]we recall the relevant parts of his paper that we need. $3] and $4] are the two main 
sections of this article. In Sj5] we discuss the dictionary between motives and automorphic rep- 
resentations to explain our assumptions on M and M'. Finally, in $6] we discuss the situations 
where the ranks of both M and M' have the same parity. 

2. Invariant polynomials, motivic periods, and results of Yoshida 

In this section we begin by briefly reviewing the notion of a critical motive and its relation 
to existence of critical integers for the motivic L-function. Then we review some results of 
Yoshida [Yos01| that will be useful for our proofs. 

2.1. Critical motives. Let M be a motive defined over Q with coefficients in a number field 
E. Let Hb(M) be the Betti realization of M. It is a finite-dimensional vector space over E. 
The rank d(M) of M is defined to be dim E (H B (M)). Write 

H B (M) = H+{M)®H B {M), 

where H^(M) are the ±l-eigenspaces for the action of complex conjugation p on H B (M). Let 
d^{M) be the E-dimensions of H B Z (M). The Betti realization has a Hodge decomposition: 

(2.1.1) H B {M) ® Q C = 0JF'«(M), 

p,q£Z 

where H p,q {M) is a free E ® C-module of rank h™. The numbers are called the Hodge 
numbers of M. We say that M is pure if there is an integer w such that H p,q {M) = {0} if 
p + q 7^ w. Henceforth, we assume that all our motives are pure. The number w is called the 
weight of M. We also have p{H p,q {M)) = H q ' p (M); and hence p acts on the (possibly zero) 
middle Hodge type H W / 2 > W / 2 (M). 

Let Ho B {M) be the de Rham realization of M; it is a <i(M)-dimensional vector space over 
E. There is a comparison isomorphism of E ®q C-modules: 

I : H B {M) (8>q C — ► H DR {M) ® Q C. 

The de Rham realization has a Hodge filtration F P {M) which is a decreasing filtration of 
E-subspaces of H£>r{M) such that 

/ ( H p ' ,q (M) ) = F p (M) ® Q C. 
\p'>p J 

Write the Hodge filtration as 

(2.1.2) H DR (M) = F Pl (M) D F P2 (M) D • • • D F Pm (M) D F Pm+1 {M) = {0} ; 

all the inclusions are proper and there are no other filtration-pieces between two successive 
members. We assume that the numbers p^ are maximal among all the choices. Let s^ = 
Pm f° r 1 — I 1 — m - P ur hy P ms the action of complex conjugation on Hodge types says that 
the numbers pj and s^ satisfy pj +p m +i-j = w,V I < j < m, and s^ = s m+ i_ M , V 1 < p < m. 
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We say that the motive M is critical if there exist p + , p~ G Z such that 

p+ p- 
^s i = d+(M), ^ Si = d-(M). 
j=i t=i 

In this case one says that F^(M) exists and equals F V± (M). There are other conditions that 
are intimately related to a motive being critical. 

To state them, we recall that the L-factor at infinity of M is given by the following recipe 
due to Serre [Ser69] : If there is a nonzero middle Hodge type H W / 2 (M) := H W / 2 > W / 2 (M), then 
under complex conjugation it decomposes as H W I 2 (M) = H^ 2 (M) © H^ 2 (M). Define fi± 2 
as the dimension of H^ 2 . w/2 (M). Define 

(2.1.3) Loo(s,M) = T R (s-w/2) h + .T R (s-w/2 + l) h - • JJ T C ( S - p) h ™, 

p<q 

where = ir~ s / 2 T(s/2) and Tc(s) = 2(27r)~ s r(s). The global functional equation relates 

the L-function of M at s to the L-function at 1 — s of the dual motive M v . If the Hodge 
decomposition of M looks like 

(2.1.4) H B (M) © C = H P1 ' W ~ P1 © H P2 > w - p2 © • • • © H Pm ' w ~ Pm , 
with pi < j»2 < • • • < Pmi Pj + Pm+l-j = then for dual motive M v we have: 

(2.1.5) H B (M V ) © C = H- px ' pi ~ w © H~ P2 ' P2 ~ W © • • • © H- pm ' Pm ~ w , 

i.e., if (p, g) is a Hodge pair for M then (— p, —q) is a Hodge pair for M v ; note that M v is also 
pure with purity weight —w. 

Theorem 2.1.6. Let M be a pure motive whose Hodge decomposition is given by \2.1.J$ . 
Consider the following three conditions on M : 

(i) The motive M is critical. 

(ii) If H W / 2 ' W / 2 (M) ^ {0}, then it is contained in H+(M) or Hg(M), i.e., complex con- 
jugation acts on the middle Hodge type by a scalar. 

(iii) There exist critical integers for the L-function of M, i.e., there exists n G Z such that 
both L OQ (s,M) and Loo(l — s,M v ) are regular (i.e., no poles) at s = n. 

Then the following hold: 

(1) H) <=► («). 

(2) (iii)^(i),(ii). 

In general, (ii) does not imply the existence of critical integers as in (iii), however, we have 
the following: 

(3) If H W I 2,W I 2 (M) = then m = 2r and any n G Z with p r < n < p r +i satisfies (iii). 
(There is always such an integer n; for example n = p r +i-) 

(4) If H W / 2 ' W / 2 (M) ^ {0} then m = 2r + l, and i/p acts as (-l) w / 2 on H W / 2 ' W / 2 (M) then 
any n G Z wii/i p r < n < p r +2 and n — p r +i G {• • • , —5, —3, —1, 2, 4, 6 ... } satisfies 
(iii). (There are no such integers n if and only if p r +2 = p r + 2 (and p r +i = Pr + 1 )■) 
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(5) If H W / 2 ' W / 2 (M) ^ {0} then m = 2r + 1, and if p acts as -{-l) w / 2 on H W / 2 ' W / 2 (M) 
then any n € Z with p r < n < p r +2 and n — p r +i G {• • • , —6, —4, —2, 0, 1, 3, 5, ... } 
satisfies (Hi). (There is always such an integer n; for example, n = p r +i-) 

Proof, (i) (ii): Recall Sj = s m+ i-j = d\m(H p ^ w ~ p ^). For j < m/2, the Hodge types 

can be paired off as EL,- := H p ^ w ~ p J © H Pm+1 -^ w ~ Pm+1 -^ and each Mj is stable under p. The 
dimension of Mj is 2s j and the ±l-eigenspaces for p in EL,- each have dimension Sj. We consider 
two cases: 

(1) If H W / 2 > W I 2 (M) = 0, then m = 2r is even and si + • • • + s r = d + (M) = d'(M). Hence 
(i) is true; and (ii) is vacuously true. 

(2) H W ^ W / 2 (M) {0} then m = 2r + 1 is odd. Also, d ± (M) > s x H + s r . The 

middle Hodge type is contained in Hg, i.e., p acts on 

H w/2,w/2 ag +1 if and Qnly if 

d + (M) = s\-\ h s r+ i and d~(M) = s\ H hs r . Similarly, p acts on R w l 2 ^l 2 as 

— 1 if and only if d + (M) = s\ + ■ ■ ■ + s r and d~(M) = si + ■ ■ ■ + s r+ i. 

(Hi) (ii): Statement (ii) is equivalent to the condition that either tiT = or h w ^ 2 = 0. 
Suppose both are nonzero then from (|2.1.3p this means that up to an integral shift in s- variable, 
both T(s/2) and T((s + l)/2) appear in L OQ (s,M). It is easy then to see that there are no 
critical integers for the L-function. (This is exactly like the assertion that the product of the 
L-function of an even Dirichlet character and the L-function of an odd Dirichlet character does 
not have a critical point.) 

Proof of (3): Suppose M does not have a middle Hodge type, then m = 2r. Abbreviating 
h Pj ' w ~ Pj (M) by hp. , the T- factors on both sides of the functional equation look like: 

Loo(s, M) ~ T(s- Pl ) h ^---T(s- Pr ) h *r, 
£00(1 -s, AT) ~ T(l-s + Pr+1 pr + i...T(l-s+p m ) h ^. 

where by ~ we mean up to products of exponential factors which do not affect (Hi) at all. 
Since T(s) is nonvanishing everywhere with poles only at non-positive integers we get that the 
non-empty set of integers {n £ Z : p r + 1 < n < p r +i\ satisfies (Hi). 

Proof of (4) (and (5)): If H W I 2 > W / 2 (M) ^ {0} then m = 2r + 1, and if p acts as (-l) w / 2 on 
H W / 2,W / 2 (M), then the T-factors on both sides of the functional equation look like: 

Lqo(s, M) ~ 
LooCl-a.M 1 ') ~ 

Note that L 00 (s,M) does not have a pole at n if and only if n > p r and n — ^ 
{. . . , —4, —2, 0}; similarly, 1^(1 — s, M v ) does not have a pole at s if and only if n < p r +2 and 
n — p r+ \ ^ {1,3, 5, . . . }. Putting both together, s = n satisfies (Hi) if and only if p r < n < p r +2 
and n — p r +i £{•••, —5, —3, —1, 2, 4, 6 ... }. We omit the very similar proof of (5). □ 



T(s- Pl ) tl ^ ■■■T(s-p r ) hp r T 



s - p r+ i 



T(l- S+p r 



+2) 



T(l-s + p m p™ T 



1 - s + p r+ i 
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2.2. Invariant polynomials and periods. The period matrix of M is defined in terms 
of E-bases for the spaces iTg(M) and Hdr(M). Let {t>i, v 2 , ■ ■ ■ , v d +(M)} be an E-basis 
of H^(M), and similarly, {v d +^ +1 , v d +^ +2 , . . . , ^(m)} be an E-basis of H^{M). Let 
{w 1 ,w 2 , ■ ■ ■ ,w d(M )} be a basis of H DR (M) over E such that {w sl+S2 +...+s li - 1 +i, ■ ■ ■ ,w d ( M )} 
is a basis of F P,1 {M) for 1 < /i < m. The period matrix A" of M is the matrix which represents 
the comparison isomorphism between the two realizations of M with respect to the bases cho- 
sen above. The fundamental periods c^(M) and 5(M) are related to the matrix X through 
certain invariant polynomials. 

Let F be a number field. Suppose d is a positive integer. Fix a partition s\ +s 2 + . ■ - + s m = d. 
Let P m be the corresponding lower parabolic subgroup of GL(d, F). Given an m-tuple of 
integers (a,)i<j< m , define an algebraic character Ai of P m by 

/ fpu ... \ \ 

* P22 ■■■ 

|| (det Pii ) ai ; Pii G GL(sj). 

l<i<m 



Ai 



\ * * * Pmm J ) 



Let d = d + + d . Given k + , k G Z, define a character A2 of GL(d + ) x GL(d ) by 

A 2 Mj = (det a) fc+ (det 6) fc_ , a G GL(d+), 6 G GL(cT). 

Let /(x) be a polynomial with rational coefficients which satisfies the following equivariance 
condition with respect to the left action of P m and the right action of GL(d + ) x GL(<i~) on 
the matrix ring M d {F): 

(2.2.1) fipxj) = A 1 (p)/(x)A 2 (7), V P GP mi V 7 G GL(d+) x GL(cT). 

A polynomial satisfying (|2.2.ip is said to have admissibility type {(01,02, • • • ,a m ), (k + , k~)}. 
Yoshida [YosOU Theorem 1] proves that the space of polynomials of a given admissibility type 
is atmost one. 

Lemma 2.2.2. If the polynomial f(x) has admissibility type {(01,02,... , a m ), (&i~ , an< ^ 
gix) has admissibility type {(61, b 2 , . . . , b m ), (k 2 , k 2 )}, then the polynomial h(x) = f(x)g(x) 
has admissible type is given by 

{(01 + 61,02 + 6 2 , ... ,a m + b m ), + fcj, fcf + £>T)} . 

Proo/. Follows from (l2T2TT]> . □ 

Example 2.2.3. let f(x) = det(x) for a matrix x G M d {F). Then f(x) is of admissibility 
type {(1,1,1,..., 1), (1,1)}. 

Let f±(x) be the upper left (resp., upper right) d^ x d^ determinant of x. Then it can be 
seen that the admissibility types of f + (x) and f~(x) are respectively given by 

{( 1,1,1 1 ,0,0, ...,0), (1,0)}, 

p+ 

{(1,1,1,...,1,0,0,...,0),(0,1)}. 

p- 
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Yoshida interprets the period invariants to the period matrix X via invariant polynomials 
as 5(M) = f(X) and c^{M) = f (X). The determinant of the period matrix is an element of 
(E ® C) x , and the making a choice of basis says that it is well-defined modulo E x . 

2.3. Tensor product motives. The category of motives over Q with coefficients in E admits 
a tensor product. The realizations for the tensor product are naturally identified with the 
tensor products of the realizations. Yoshida [YosOl, Proposition 12] describes the admissibility 
types of the polynomials which correspond to the periods c^{M ® M') of the tensor product 
motive M ® M' . 

Let X and Y be the period matrices of the motives M and M', respectively. Let R = E®qC. 
Suppose d(M) and d(M') are the ranks of M and M' respectively. The numbers d^(M') are 
the dimensions of ±l-eigenspaces for Hb(M'). Write X and Y in the following way: 



X 



XI 



x- 



d(M) X d{M)J 



( 



Y 



Y' 



Y ~ 



d'(M') Y d(M')J 



where Xf G R d± ( M ) and Yf° G R d± ( M '\ 

Given 1 < i < d(M), let 1 < [i < m be such that 

si + sz + ... s^i < i < si + s 2 + • • • + V 

The weight w(Xi) ± is defined to be the integer (cf. (I2.1.2j) ). The weight w(Yi) ± is defined 
analogously. Suppose the motive M ® M' is critical. Let Ui denote the Hodge numbers of 
M ® M' . Hence there exist integers q + , q~ such that 

ui + u 2 + . . . + u q ± = d ± (M ® M'). 

The integers are defined by 

aj = \{l:l<l<d(M'), p^ + w(Y) <qT}\. 

From the definition of the period, it follows that c + (M ® M') is the determinant of the 
square matrix Z + of size d + (M)d + (M') + d~(M)d~(M') defined by 



< 



{xf ® y+, xr ® y- : + wty* 

Similarly, one observes that c~(M®M') is the determinant of the square matrix Z~ of size 
d + (M)d-(M') + d-{M)d+(M') defined by 



< 



{X? ® Yf, xr ® y+ : w (Xf) + ™(y^ 

The determinants of Z ± can be expressed in the form h^{X,Y), where h ± (x,y) are poly- 
nomial functions. For a fixed y, the function h^{x,y) has admissibility type 

{(a^:l< f i<m,(d ± (M'),d^(M'))}. 

Define 

It follows that the data ({(o*)^ }), (cZ (M), cf^M)) describes the admissibility type of h (x, y) 
for a fixed x. 
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From the uniqueness property [YosOU Theorem 1], it follows that the polynomials h^(x,y) 
can be expressed as h (x,y) = ^ (x)^ (y) where ^(x) and V ;± (y) are polynomials with the 
following admissibility types respectively: 

(2.3.1) {a±: (d ± (M f ),d T (M'))] , 

(2.3.2) {(a*)±: (d ± (M), d T (M))} . 

3. Period relations for motives over Q 

3.1. The main result on period relations. We can now state and prove our main 

Theorem 3.1.1. Let M and M' be pure motives over Q with coefficients in a number field E. 
Suppose they satisfy the following properties: 

(1) rank(M) = d(M) is even, and rank(M') = d(M') is odd. 

(2) M and M' are simple. 

(3) All the nonzero Hodge numbers h p ^ and h^i are equal to 1. 

(4) The tensor product motive M ® M' is critical. 

Hypothesis (3) implies that M is critical, and furthermore that complex conjugation acts as 
a scalar, denoted e(M'), on the one- dimensional middle Hodge type of M' . 

The periods c^{M) and c^(M (g) M') are related by the following equation in (E(8kqC) x /E x : 

c+{M®M>) fc+{M)\ e{M,) 
c-(MOM') ~ \c~(M) J 

3.2. Proof of Theorem 13.1.11 The condition on Hodge numbers of M and M' guarantees 
that the motives M and M' are critical, and d+(M) = d~(M) = d(M)/2 and d + (M') = 
d-(M') ± 1, indeed, d+(M') = d~(M') + e(M'). 

Consider the motive M®M'. We observe that d ± (M®M') = d(M)d(M')/2. This is because 
H+(M <g> M') = H+(M) ® H+{M') H~(M) ® H~(M') whose dimension is d+(M)d+(M') + 
d-(M)d-{M') = {d+(M')+d-(M'))d{M)/2 = d{M)d{M')/2. And similarly H~{M Af'j = 
H+(M) H B {M') © H B (M) ® H+(M'), etc. 

Let X and Y" be the period matrices of M and M', resp. The period c (M&M 1 ) is given by a 
polynomial h (X, Y). Here h (x,y) = ^ (x)^ (y) and the polynomials ^(x) and ip^(y) are 
of certain admissible types. The desired property follows from the analogous relation between 
the invariant polynomials (x), ip (y) and / (x). To prove it, we compare their admissibility 
types under the hypothesis of the theorem. 

Since d + (M) = d~(M) and d + {M') = cT(M') + e(M'), we have p^ = p^, p| f , = p M , + 
e(M'), <i + (M0M') = d~(M(g)M') and q + = q~ . As a result, we have the following relations: 

(3.2.1) a+ = for 1 < /x < d(M), 



(3.2.2) 



(a*)+ = (a*); for 1 < v < d(M'). 
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From piTI) . (|2A2]h (pTEI! and (1HX2]) . it follows that the admissibility types (and hence 
the functions themselves in view of their uniqueness) of ip + {y) and ip~(y) are equal up to 
Q x -multiples, which we write as 

Furthermore, the above conditions also imply that the admissibility types of ^(x) and f^(x) 
are related as we now explain. It is convenient to consider two cases: 

Case (i): e(M') = 1. 

Here d + {M') = dr{M') + 1. From Lemma [2X21 and (pXTTl . (j2X2l) . (I3XTD and ([3X2]) . we 
see that the admissibility types of 4> + {x)f~{x) and 4>~(x)f + (x) are given respectively by: 

{(a+ + 1, a+ + 1,. . . a+ (M)/2 + 1, o+ +(d(Af)/2) , . . . ,a+ M) ), (d + (M'), cT(M') + 1)} , 

{(a+ + l, a+ + l,...a+ (M)/2 + l, a+ +(d(M)/2) , . . . , a+ (M) ), (<r(M') + l, d+(M'))} 

which are identical. Hence, from the uniqueness property of invariant polynomials of a given 
admissibility type we have 

4> + {x)f~{x) « (p~(x)f + (x), (equality up to Q x ). 

Hence we get 

(p + (x)ip + (y)f-(x) « (f)~(x)ip~(y)f + (x), 
an equality of polynomials up to Q x ; evaluating on period matrices, we get 

c + (M ® M')c~(M) as c~(M ® M')c + (M), 
which is an equality in R x = (E C) x up to E x . This concludes the proof in case (i). 

Case (ii): e(M') = -1. 

Here d + (M') = d~(M') — 1. From an analogous argument as in the previous case we get 

( j ) + {x)f + {x) « <j)-{x)rix). 

The rest is similar, and in this case we end up with 

c + (M ®M')c + (M) ps c~(M(8)M / )c _ (M). 

4. Period relations for motives over totally real fields 

4.1. A factorization result for Deligne's periods over a totally real field. Let F be a 

totally real number field. Let If be the set of all real embeddings of F into C. A motive M 
over F with coefficients in a number field E has the following realizations: For each a £ If we 
have a Betti realization of M, denoted Hb(ct, M), which is a vector space of dimension d(M) 
over E together with an action of the complex conjugation which we denote p a . The de Rham 
realization of M, denoted Hdr(M), is a free E <£)q F module of rank d(M) with a decreasing 
filtration Fp R (M) of E ®q F-modules. For each a E ip, there is a comparison isomorphism of 
E <g)Q C-modules 

I a : H B (a, M) ®q C — > H DR (M) (g) F)(T C. 
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There is a Hodge decomposition: Hb(ct,M) <8>q C = (B Ptq H§' 9 (M) and /v maps Ha' q (M) onto 
Ha' p (M). The rank of H§' q (M) is independent of <r and is denoted by h™; these are the Hodge 
numbers of M . 

Suppose M is critical, i.e., for each a € If condition (i) or equivalently (ii) of Theorem l2.1.6l 
applies to Hb(o~, M), then the periods c ± (a, M) are defined in a manner analogous to the case 
of motives over Q. Thus for a given a, the periods c^(a,M) are well-defined as elements of 
(E®C) X mod (E®<r(F)) x . 

Given a motive M over F with coefficients in E, the restriction of scalars functor gives a 
motive R^q(M) over Q with coefficients in E such that 

(1) Hdji(R ¥ \q(M)) = Hdr{M) as an E- vector space of dimension d(M)[¥ : Q], and 

(2) H B (R m (M))= H B (a,M). 

c6ijfr 

The periods c^(Ry\q{M)) have the following factorization: 

(4.1.1) C ±(i? F |Q(M)) = (l®Dl /2 ) d±(M) II C± (^ M ) (modE x ). 

Here Df is the absolute discriminant of F. Such a factorization of periods has been observed by 
many; see, for example, Blasius [Bla97[ M.8], Hida [Hid941 p.442] or Panchishkin [Pan941 p. 995]. 
This is closely related to a long history concerning Shimura's conjecture about factorization 
of periods related to Hilbert modular forms; we refer the reader to Harris |Harr93j and the 
references therein. 



4.2. The main result on period relations over totally real fields. An analogue of The- 
orem 13.1.11 holds for motives over totally real fields under suitably modified hypotheses. 

Theorem 4.2.1. Let M and M' be motives defined over a totally real number field F with 
coefficients in a number field E. Suppose they satisfy the following properties: 

(1) rank(M) = d(M) is even, and rank(M') = d(M') is odd. 

(2) M and M' are simple. 

(3) All the nonzero Hodge numbers h™ and hjj?, are equal to 1. 

(4) The motive M (8) M' is critical. 

Let e(<7, M') be the scalar by which the complex conjugation p a acts on the rank- one middle 
Hodge type of H B (a,M'). 

(i) For a 6 ip, as elements of (E <g> C) x we have 

c-{a,M®M') \c-(a,M)J K 

(ii) As elements o/(E<8)C) x we have 

c+(R m (M®M')) . r fc+{a,M)Y {lT ' M ' ) 



c-(R m (M®M>)) 
where T is any subfield of C containing <r(F) for all a E 1$. 
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Proof. The proof of Theorem 13.1.11 gives the proof of (i) mutatis mutandis since the discussion 
involving Yoshida's results (in §2.2ft works over Q. Next, (i) ==>■ (ii) follows from (14. 1.1ft : note 
that the discriminant factor cancels out since d + (M®M' ) = d~(M®M') = d(M)d(M')/2. □ 

Remark 4.2.2. Panchishkin has conjectured, based on suggestions from Beilinson, that there 
should exist c ± (a,M) 6 (E <g> C) x well-defined modulo E x such that for all a 6 we have 

c ± {a,M) = c^cr, M) (mod (E®a(F)) x ). 

(See |Pan94l Conjecture 2.3].) Granting this, statement (ii) of Theorem 14.2.11 can be conjec- 
turally refined as: 

c+(R m (M s M'» „ ( -c+(„,M) \<°- M "> 
c-(R Tm (M®M>)) ~ II [F^M) (m ° d >■ 



5. The dictionary and comments on the hypotheses of Theorem 13.1.11 

5.1. Dictionary between motives and automorphic representations. We review some 
essential features of the conjectural dictionary between rank n motives M over ©and algebraic 
automorphic representations tt of GL n (A). The main reference is Clozel [Clo90]^. 

There is a one-to-one correspondence between irreducible or simple motives over Q with 
coefficients in Q and cuspidal algebraic representations tt of GL n (A); if such a motive M is 
associated to such a representation tt then the Hodge decomposition of the Betti realization of 
M is related to the infinite-component of tt which we now proceed to explain. The Hodge 
decomposition Hb(M) ®q C = (&H p,q (M) is representation of C x with z € C x acting on 
H p ' q {M) via the character z i— > z~' p z~ q . On the other hand, consider the Langlands parameter 
t(tToo) of 7TQO, which is an n-dimensional semi-simple representation of Weil group Wr of R. 
Now, C x = Wc C W]r. The restriction of r^oo) to C x is a sum of n characters of C x . If M 
corresponds to tt then as a representation of C x , one expects: 

H B (M) ®qC ~ r(7r 00 ) (g> | ((i-™)/ 2 . 

In particular, the Hodge types and Hodge numbers of M can be read off from -zroo. 

5.2. Comments on the hypotheses of Theorem I3.1.1L Now let us consider a cohomo- 
logical cuspidal automorphic representation it as in §1.21 As mentioned therein, implicit in 
this data is a dominant integral weight A. Such a weight A (supporting nontrivial cuspidal 
cohomology) satisfies a purity condition: there is an integer w such that Xj + A n+ i_j = w, 
where, we have expressed A as (Ai, . . . , A n ) with respect to the standard basis of the Lie alge- 
bra of diagonal torus of GL n . In particular, Ai > • • • > A n ; the choice of Borel subgroup, to 
talk about dominance, being the upper triangular matrices in GL n . Let E\ be the algebraic 
irreducible finite-dimensional representation of the algebraic group GL n /Q. Let E\c be its 
complexification. Then 7roo <X> Ex c h as non-trivial relative Lie algebra cohomology. This pins 
down the restriction to C x of the Langlands parameter of tt^^ to describe which we need 
some notation. Let £ = (^i, • • • , @n 

) be defined as: £ = 2A — w + 2p n where p n is half the 



The reader is also referred to some unpublished notes of three lectures by Clozel at IHES 2006, titled 
'Motives and automorphic representations'. 
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sum of positive roots for GL n , i.e., p n = ((n — l)/2, (n — 3)/2, . . . , — (n — l)/2). Observe that 
li > £2 > ■ ■ ■ > l[n/2] > an( i ^ = ~~ (-n+l-j- Then 

_^ «j w £j w 
^(^oo)lcx = 0^ 2 + 2 ^2+2. 

(We have omitted several well-known details in making the above assertion; the interested 
reader can consult |RaSh071 §5.1] and [RaTalll §3.1.5] and fix the necessary details.) 

It follows from the dictionary that if a rank n motive M corresponds to a cohomological 
cuspidal automorphic representation of GL n (A) then the representation of C x on Hb(M) <8>C 
is a direct sum of n distinct characters; hence the Hodge numbers h p ' q (M) are all 1. 



6. Comments on when ranks of M and M' have the same parity 

6.1. When the ranks of both M and M' are even. In this case, it follows from the 
hypotheses of Theorem EXD that d + (M) = d~(M), d + {M') = d~(M') and d + (M <g> M') = 
d~{M <8> M'). Since the tensor product motive M <8> M' is critical by assumption, there exist 
integers q + ,q~ such that 

m + u 2 + ... + u q ± = d ± {M®M'). 

Thus we have q + = q~ and as a result, the equations (j3.2. 1 j) and (|3.2.2p are satisfied. From 
the results of Yoshida (cf. [YosOU Cor.l, p. 1188]) we get 

(6.1.1) c + (M®M') = c~{M®M'). 

This ties up very well with known results on critical values. Consider a classical situation: 
suppose f and g are primitive holomorphic cusp forms of the same level and of weights k and /. 
Suppose k < I and ip is the nebentypus of the g. Let us look at the (degree four) Rankin-Selberg 
L-function L(s,f x g). Let I < m < k. Then Shimura [Shi77, Theorem 4] has proved 

L/(ro,fxg) ~ (2iri) 2m " l - 1 -f(iP)u + (f) U -(f). 

Suppose now that both m and m + 1 are critical then we get 

^ (m ' fXg) , ~ (2^)- 2 . 

As in §1.11 we can absorb the (2-7ri) 2 into the ratio of L-factors at infinity and deduce: 

(6.1.2) L(m,fxg) ~ L(m + l,fxg), 

It is this statement about L-values for GL2 x GL2 that is motivically interpreted in (|6.1.ip 
for a tensor product of two rank two motives. The generalization of (|6.1.2p to the context of 
Rankin-Selberg L- functions for GL n x GL n /, when both n and n' are even, is work in progress 
by Giinter Harder and the second author; the results will appear elsewhere. 
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6.2. When the ranks of both M and M' are odd. In this situation we do not seem to 
have any reasonable relation between c + {M ® M 1 ) and c~ (M (g) M'). The interested reader will 
find that if one tries to carry through the proof in §3.21 then the underlying numerology (in the 
discussion as for example in 'Case(i)' therein) will simply not work when both motives have 
odd rank. 

Perhaps, this should not be so surprising, because, the ratio c + /c~ of the two periods is 
related to the ratio of two successive critical values; however, if we have a motive of odd rank, 
then statements (4) and (5) of Theorem 12.1.61 tell us that we almost never ever have two 
successive integers both of which are critical. 

The reader should look at the discussion toward the end of Harder's paper [HardlO] where he 
discusses the situation of Rankin-Selberg L-functions for GL3 x GLi and rank-one Eisenstein 
cohomology for GL4. In this situation, Birgit Speh pointed out to him that a certain inter- 
twining operator degenerates to the map in relative Lie algebra cohomology, due to which 
it is suggested that the methods of that paper, which are for L-functions for GL2 x GLi and 
Eisenstein cohomology for GL3, would not generalize to L-functions for GL3 x GLi. 
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